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\^ [ Summary. Emphasizing the role of Gerstenhaber algebras and of higher derived 

^^ . brackets in the theory of Lie algebroids, we show that the several Lie algebroid 

brackets which have been introduced in the recent literature can all be defined 

in terms of Poisson and pre-symplectic functions in the sense of Roytenberg and 

Cy ■ Terashima. We prove that in this very general framework there exists a one-to-one 

correspondence between non-degenerate Poisson functions and symplectic functions. 

We also determine the differential associated to a Lie algebroid structure obtained by 

twisting a structure with background by both a Lie bialgebra action and a Poisson 

^ ' bivector. 

> ■ 

m 

Q ! Introduction 

Towards 1958, Ehresmann [T51 introduced the idea of dilFerentiable categories, 
of which the dilFerentiable groupoids, now called Lie groupoids, are an exam- 
r~^ ' pie, and he developed this theory further in the 1960's [IS]- At the end of the 

f^ , decade, Pradines introduced the corresponding infinitesimal objects which he 

called Lie algebroids [46 . The theory of Lie algebroids, which has since been 
developed by many authors, and in particular by Mackenzie [JT] [33], encom- 
passes both differential geometry - because the tangent bundle of a smooth 
manifold is the prototypical Lie algebroid -, and Lie algebra theory - because 
the Lie algebras are Lie algebroids whose base manifold is a singleton -, while 
other examples of Lie algebroids occur in the theory of foliations (see, e.g., 
[31]) and in Poisson geometry [TD] [33] • The corresponding, purely algebraic 
concept, called pseudo-Lie algebras [32] or Lie-Rinehart algebras [50], among 
many other names, dates back to Jacobson [55^, as has been observed in [50] , 
While the structure of what is now called a Gerstenhaber algebra appeared 
in the work of Murray Gerstenhaber on the Hochschild cohomology of asso- 
ciative algebras [T^ , it became clear in the work of Koszul [33] and of many 
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other authors ^T] [55] that Gerstenhaber algebras play an essential role in 
the theory of Lie algebroids. Whenever a vector bundle has the structure of 
a Lie algebroid, the linear space of sections of its exterior algebra bundle is a 
Gerstenhaber algebra, the prototypical example of which is the linear space 
of fields of multivectors equipped with the Schouten-Nijenhuis bracket on any 
smooth manifold. The close relationship between Poisson geometry and Lie 
algebroid theory appears clearly in the concept of a Lie bialgebroid defined 
by Mackenzie and Xu [44] as the infinitesimal object of a Poisson groupoid, 
and characterized in terms of derivations in |5Sj. For any Poisson manifold 
M with tangent bundle TM, the pair {TM, T*M) is a Lie bialgebroid, while 
the Lie bialgebroids over a point are Drinfeld's Lie bialgebras of Poisson-Lie 
group theory [13] . 

When passing from the case of Lie bialgebras to that of the Lie-quasi 
bialgebras [2], or their dual version, the quasi-Lie bialgebras, or the more 
general case of proto-bialgebras |24)H higher structures^ in the sense of Jim 
Stasheff |,52 , appear. The associated algebra is not a Gerstenhaber algebra 
but only a Gerstenhaber algebra up to homotopy, but with all n-ary brackets 
beyond the third vanishing (see [21] [4] [5]). The analogous theory generaliz- 
ing Lie algebroids was developed by Roytenberg [47] and, more recently, by 
Terashima [5Sj . Their articles form the basis of the present expositioro. 

The concept of twisting for proto-bialgebroids was defined by Roytenberg 
[47] as a generalization of the twisting of proto-bialgebras introduced in [24] , 
itself a generalization of the twisting of Lie bialgebras defined by Drinfeld in 
the theory of the semi-classical limit of the quasi-Hopf algebras [13], while 
the concept of Poisson function^ which was already implicit in [47] . has now 
been formally introduced by Terashima in |55| . with interesting applications 
which we review and develop here. Poisson functions generalize both Poisson 
structures on manifolds and triangular r-matrices on Lie algebras, and, more 
generally, Poisson structures on Lie algebroids as well as their twisted versions 
(see [37] [17] [SS]). 

The cohomological approach to Lie algebroid theory arose from the view- 
point developed for Lie bialgebras by Lecomte and Roger [35] , itself based on 



^In [21] [B], Lie-quasi bialgebras were called Jacobian quasi-bialgebras, and quasi- 
Lie bialgebras were called co- Jacobian quasi-bialgebras. We also point out that, in 
the translation of Drinfeld's original paper [14], the term "quasi-Lie bialgebra" is 
used for what we call Lie-quasi bialgebra. Proto-bialgebras were introduced in [21] 
where they were called proto-Lie-bialgebras, to distinguish them from the associative 
version of this notion. 

^There are some changes in the notations. In particular the notations <f) and i/) 
used by Roytenberg in 33 ^^^ exchanged in order to return to the conventions of 

mmm- 
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the even Poisson bracket introduced by Kostant and Sternberg in [33)4 In [21] , 
we extended this approach to the Lie-quasi bialgebras defined by Drinfeld [2] , 
and we introduced the dual objects and the more general notion of proto-Lie 
bialgebra, encompassing both the Lie-quasi bialgebras and their duals. In [^7\ 
Roytenberg extended the cohomological approach to Lie bialgebra theory to 
the "oid" case by combining the supermanifold approach due to Vaintrob [56] 
and T. Voronov (see [57] citing earher pubhcations) with the results of [24] , 

The preprint that Terashima communicated to me in 2006 [55] goes further 
along the same lines and provides a beautiful unification of results in both 
recent [7] [9] and not so recent papers [39j , showing that they are special cases 
of a general construction of Lie algebroid structures obtained by twisting 
certain basic structures. 

The main features of this paper are the following. Our first Section deals 
with the general definition of a structure on a vector bundle, V. The basic tool 
for the study of the properties of "structures" is the big bracket, denoted by 
{ , }, the bigraded even Poisson bracket which is the canonical Poisson bracket 
on the cotangent bundle of the supermanifold IIV^, i.e., V with reversed parity 
on the fibers, which, on vector-valued forms or 1-form-valued multivectors, 
coincides with the Nijenhuis-Richardson bracket up to sign. The "structures" 
are cubic functions on this cotangent bundle whose Poisson square vanishes. 
Vector bundles equipped with a "structure" generalize the Lie, Lie-quasi and 
quasi-Lie bialgebroids, in particular the Lie bialgebras. 

In Section O we introduce the dual notions of twisting by a bivector 
and twisting by a 2- form, and we define the Poisson functions and the pre- 
symplectic functions with respect to a given structure. Such bivectors (resp., 
2-forms) give rise by twisting to quasi-Lie (resp.. Lie-quasi) bialgebroids. We 
show that the twist of Lie- quasi bialgebras in the sense of Drinfeld [14] and the 
twisted Poisson structures on manifolds, introduced by Klimcik and Strobl in 
[23] (under the name WZW-Poisson structures) and studied by Severa and 
Weinstein in [SU] (where they are called Poisson structures with background), 
are both particular cases of the general notion of a twisted structure. 

In Section [3] we prove that the graphs of Poisson functions and of pre- 
symplectic functions are Dirac sub-bundles of the Courant algebroid V (BV* , 
which is the "double" of V. 

The aim of Section H] is to prove Theorem 14.21 which states that non- 
degenerate Poisson functions are in one-to-one correspondence with symplec- 
tic functions, a generalization of the well-known fact that a non-degnerate 
bivector on a manifold defines a Poisson structure if and only if its inverse is 
a closed 2-form. We believe that this theorem had not yet been proved in so 
general a form. 



^Even Poisson brackets had already appeared in the context of the quantization 
of systems with constraints in the work of Batalin, Fradkin and Vilkovisky. See [51] 
and references therein. 
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In Section [51 we study the case where a Poisson function involves both 
a Poisson structure on a manifold M in the ordinary sense and a Lie alge- 
bra action on this manifold. In the general case, with non trival Lie-quasi 
bialgebra actions and background 3-forms on the manifold, we determine ex- 
plicit expressions for the bracket and the differential thus defined. In fact, the 
twisting of a structure on a vector bundle T^ by a Poisson function gives rise to 
a Lie algebroid structure on the dual vector bundle V* and, dually, to a differ- 
ential on the sections of A'T^, the exterior algebra bundle of V. In particular 
cases, we recover the brackets on vector bundles of the form T*AI x g which 
were associated to Poisson actions of Poisson-Lie groups on Poisson manifolds 
by Lu in [39] and, more generally, to quasi-Poisson G-manifolds in the sense 
of [2] by Bursztyn and Crainic in [7], and to quasi-Poisson G-spaces in the 
sense of [I] by Bursztyn, Crainic and Severa in [9]. This approach gives an 
immediate proof that these brackets satisfy the Jacobi identity and are indeed 
Lie algebroid brackets. The formulas for the differential in the general case 
are, to the best of our knowledge, new. 



1 Definition of structures 

1.1 Towards a unification 

It was already clear in the theory of Lie bialgebras that the "big bracket" was 
the appropriate tool for their study. Roytenberg extended the definition and 
the use of the big bracket to the case of Lie algebroids [IJ , and Terashima's 
article [55] proves additional results, by suitably twisting certain basic struc- 
tures. 

1.2 The big bracket 

Consider the bigraded supermanifold X = T*UV, where F is a vector bundle 
over a manifold M, and where 11 denotes the change of parity of the fibers. 
Then X is canonically equipped with an even Poisson bracket [33" , the Poisson 
structure on X actually being symplcctic. This Poisson bracket, called the 
big bracket, is here denoted by { , }. The algebra T of smooth functions 
on X is bigraded in the following way. If (a:*,^°) are local coordinates on 
nV^ {i = 1, . . . ,dimM, a = 1, . . . ,rank V), we denote by {x'^,£_"-,pi,9a) the 
corresponding local coordinates on T*IIV, and we assign them the bidegrees 
(0, 0), (0, 1), (1, 1) and (1, 0), respectively. An element of !F of bidegree {k, £), 
with fc > and ^ > 0, is said to be of shifted bidegree {p, q) when p = k — 1 
and q ^ i — I {p > —1 and q > —1), whence the table 

x^ ^° Pi ^a 

(0,0) (0,1) (1,1) (1,0) bidegree 

(-1,-1) (-1,0) (0,0) (0,-1) shifted bidegree 
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The total degree (resp., total shifted degree) will be called, for short, the 
degree (resp., shifted degree). The big bracket is of shifted bidegree (0, 0), and 
it satisfies 

{x\p,} - S] = -{p„x'} , {e,Ob] = 5t = {Qb,C] ■ 

1.3 Definition of structures 

As in [S5] [37] [57] (also see [55]) we consider functions on X that define 
bialgebroid structures or generalizations thereof on {V,V*). See [23] [S] [31] 
for proofs of the statements in this section. 

Definition 1.1. A structure on V is a homological function on X of degree 3, 
i.e., an element S € J- of shifted degree 1 such that {S, S} = 0. 

Let 

S^(j} + -/ + fi + tp (1) 

in the notations of [24] and [6]. Then, 

• 4>, of shifted bidegree (2, —1), is a 3-form on V*, 

6 

• 7, of shifted bidegree (1, 0), defines an anchor, a* : V* ^ TM, and a bracket 
onF*, 

7 = {a*y'p^9, + \il^e,6,e , 

• /i, of shifted bidegree (0, 1), defines an anchor, a» : V^ — ^ TM , and a bracket 
onF, 

^^ = MlP^e + \^^l.eaee . 

• -0, of shifted bidegree (— f , 2), is a 3-form on V , 

6 
Then 5' is a structure if and only if 

i{M,^} + {7>} = 0, 
{/x,7} + {</.,7/.} = 0, 

^ {7,0} = 0. 

By definition, when S* is a structure on V, the pair (V,V*) is a proto- 
bialgebroid. The anchor and bracket of V and of V* are the following derived 
brackets [15] [57] [IH] [37] [57]: 
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anchor of V, a»(X) • / - {{X, ^l}, /} , 
bracket of V, ti{X, Y) = {{X, /i}, Y} , 
anchor of V*, a*{a) ■ f = {{a,j},f} , 
bracket of F*, 7 (a, ;0) = {{a,j},(3} , 

for / e C°^{M), X and y e r{V), a and /3 e r{V*). The quasi- 
Gerstenhaber brackets on r{A*V), where A*V is the exterior algebra of V, 
and on T{A*V*), are expressed by the same formulas. They are denoted by 
[ , ]fi and [ , ]-y, respectively. 

The Lie-quasi bialgebroids, quasi-Lie bialgebroids and Lie bialgebroids are 
defined as follows: 

• {V, V*) is a Lie-quasi bialgebroid if and only if S" = + 7 + /i, i.e., if t/i = 0. 
Then T^ is a Lie algebroid, T{A*V) is a Gerstenhaber algebra, while r(A*V^*) 
is a quasi-Gerstenhaber algebra. 

• (V, V*) is a quasi-Lie bialgebroid if and only if 5 = 7 + // + "0, i.e., if = 0. 
Then V* is a Lie algebroid, T{A*V*) is a Gerstenhaber algebra, while r(A*V^) 
is a quasi-Gerstenhaber algebra. 

• {V,V*) is a Lie bialgebroid if and only ii S — ^ + fi, i.e., ii (j) ~ ip ~ 0. 
Then both V and V* are Lie algebroids, and both r(A'T/) and T{A'V*) are 
Gerstenhaber algebras. 

The quasi-Gerstenhaber algebras (see [37] [5T] [i] [5]) are the simplest 
higher structures beyond the Gerstenhaber algebras themselves; they corre- 
spond to the case where all n-ary brackets, in, vanish for n > 4. 

On the Poisson manifold T*IIV, we can consider the Hamiltonian vector 
field with Hamiltonian S £ J-, which we denote by ds = {*S', .}. Because 
{S, 5*} = 0, ds is a differential on the space of smooth functions on T*I[V , 
i.e., a derivation of J- of degree 1 and of square zero. 

Example 1. When V = TM and S ^ fi = p^C, then ^J.{X,Y) is the Lie 
bracket of vector fields X and Y, the corresponding Gerstenhaber bracket 
on r(A*TM) is the Schouten-Nijenhuis bracket of multivector fields, and 
the restriction of ds = d^ to the differential forms on AI is the de Rham 
differential. 

Example 2. When M is a point, then V — q is a. vector space and a struc- 
ture S' = /.t-f7ont/isa Lie bialgebra structure on (0,0*), also denoted by 
Sg-\- Sg* in Section [5l while ds — dfj_-\- d^ is the Chevalley-Eilenbcrg cohomol- 
ogy operator of the double of the Lie bialgebra. More generally, on V" = g, a 
structure S = fi + 'y + cj), where £ A^V, is a Lie-quasi bialgebra structure on 
(0,0*)- 
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2 Twisting 



We consider a structure S on the vector bundle V that defines a proto- 
bialgebroid structure on {V,V*), and we shall now study the twisting, e''^S, 
of S" by a function a of shifted bidegree (1,-1) or (—1,1). 

2.1 Twisting by Poisson or pre-symplectic functions 

Let (7 G J^ be a function of shifted bidegree (1,-1) or (—1,1). Since the 
right adjoint action, ad^ ~ {■,<^}, of an element a of shifted degree is a 
derivation of degree of {T,{ , }), and since, for any a & T, the series 
a + {a, a} + ^{{a,a},a} + ^{{{a, a}, (j},a} + . . . terminates for reasons of 
bidegrees, the exponential of ado- is well-defined and is an automorphism of 
(.F, { , }), which, in an abuse of notation, we shall denote by e'^. It follows 
that, for any structure 5*, and for any a of shifted degree 0, {e'^S, e'^S} — 
e'^{S, S} = 0, and therefore e'^S is also a structure. 

Definition 2.1. When a is a function of shifted bidegree (1,-1) or (—1,1), 
the structure e^'^ S is called the twisting of S by a. 

A function of shifted bidegree (1, —1) is a bivector a on V , expressed in 
local coordinates as 



^-\- 



Ta^h 



while a function of shifted bidegree (—1, 1) is a 2-form t on V , expressed in 
local coordinates as 

r = -jTabK t, ■ 

We list the explicit formulas [47] for the homogeneous components of twisted 

structures. 

• For a of shifted bidegree (1, —1), let e^'^S — 4>cr + ja + IJ-a + 4'a be the 

decomposition ^ of e^'^S as a sum of terms of homogeneous bidegrees. Then, 

(t>a ^ (j)- {-f, cr} + ^{{t^, cr}, <y} - ^{{{ip, cr}, cr}, a} , 



(2) 



• For T of shifted bidegree (—1, 1), let e '^ S ~ (j)r + 'yr + Mr + V'r be the 
decomposition ([1]) of e~'^S' as a sum of terms of homogeneous bidegrees. Then, 



7r = 7 - {0, t} , 

Mr = M - {7, t}, +^{{<I>, t}, t} , 

^, = V - {a*, r} + i{{7, t}, t} - i{{{(/., t}, r}, r} . 



(3) 
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Definition 2.2. Let S be a structure on V. 

(i) A function a of shifted bidegree (1, —1) such that (p^- — is called a Poisson 

function with respect to S. 

(ii) A function t of shifted bidegree (—1, 1) such that ipr — is called a pre- 

symplectic function with respect to S . 

In view of tliese definitions, wc immediately obtain 

Proposition 2.3. Let S be a structure on V and let a (resp., t) be a function 

of shifted bidegree (1,-1) (resp., (—1,1)/ 

(i) If a is a Poisson function, the twisted structure e^'^S is a quasi-Lie 

bialgebroid structure. 

(ii) If T is a pre-symplectic function, the twisted structure e^^S* is a Lie-quasi 

bialgebroid structure. 

2.2 Twisting by Poisson functions 

It follows from the formula for (f)a- in ([2]) that a section a oi A^V is a. Poisson 
function with respect to a structure S' = + 7 + /i + '0if and only if 

^ - {7, ^} + ^{{a^, ^}, ^} - ^{{{^, ^}, ^}, ^} = . (4) 

Equation (J4|) is called a generalized twisted Maurer-Cartan equation, or simply 
a Maurer-Cartan equation. 

For any bivector a, we set cr' = iacr, for a G r{V*), where i denotes 
the interior product. Whenever cr is a Poisson function with respect to S* = 
(/> + 7 + ^ + V', the term of shifted bidegree (1,0) in e^" S, 

la=l- {a*, cr} + -{{^, a}, a] , 

defines an anchor a* + a, o a^ and a Lie bracket on V{V*), as well as a 
Gerstenhaber bracket on T{/\'V*), which wc denote by [ , ]^^, and a differ- 
ential d^^ = {7ct, .} on T[/\'V). There is also a bracket, [ , ]^^, on r(A*V^) 
defined by the term of shifted bidegree (0, 1), jia = lJ' — {ip, cr}, and a derivation 
of degree 1, d^^ = {fi^, .}, oiT{A*V*). Then ^{fi„, ^i^} -h {jcr,ip} = 0, so that 
ip measures the defect in the Jacobi identity for [ , ]^^, and (rf/^^)^ = [ip, •]7„- 
It appears that the twisting of Lie bialgebras in the sense of Drinfeld 
[Tl] . as well as its generalizations to proto-bialgebras [23] [HI and to proto- 
bialgebroids [47] , and the twisting of Poisson structures in the sense of Severa 
and Weinstein [50] , and its generalizations to structures on Lie algebroids [47] 
|29j . all fit into this general framework, although the meaning of the word 
"twisting" is not quite the same in both instances. In the first instance, one 
twists a given structure, in the sense of Definition 1 1.1[ on a Lie algebra g by 
an element ct £ A^g (often denoted by i or /), called the "twist" [14] [1]. For 
any twist, a Lie-quasi bialgebra is twisted into a Lie-quasi bialgebra. In the 
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second case, it would be more appropriate to speak of "Poisson structures 
with background" : the given structure on the vector bundle V is of the form 
IJ, + ip, where V' is a d^-closed 3- form, and equation ([¥]) which reduces to the 
twisted Poisson condition (O below is the condition for a G r(A^F) to twist 
ji + ip into a quasi-Lie bialgebroid structure. 

(i) Twist in the sense of Drinfeld. In the case of a twist of a Lie-quasi 
bialgebra, one twists a structure 5 = + 7-|-/i-|-Oona Lie algebra g by an 
arbitrary a G A^g into 

e'^S =U- {7, <^} + ^{{m, f^}, ^} j +h-{fi,'j})+^i + , 

and one obtains a "twisted Lie-quasi bialgebra" . The resulting object is a Lie 
bialgebra, with fia- = fJ- and 7o- = 7 — {/x, cr}, if and only if cr is a Poisson 
function, i.e., satisfies the condition 



-[cr,CT]^ + d~,(T -0 = 



If one twists a Lie bialgebra {ip = cj) = 0), this condition reduces to the usual 
Maurer-Cartan equation, 

-[cr, cr]^ -f d^o- = . (5) 

If one twists a trivial Lie bialgebra (-0 = = 7 = 0), the Maurer-Cartan 
equation reduces to [a, a]^ = 0, i.e., to the classical Yang-Baxter equation. In 
fact, for (T = r G A^g, 

-^['"''"Ifl ^ ['"12, ''is] + ['"12, ''23] + ['"13 +r23] , 

and the classical Yang-Baxter equation (CYBE) on a Lie algebra g is the 
condition [ri2,ri3] + [ri2,r2z] + [''13 + ''23] = 0, for r G A^g. 

When 5 = /i, the necessary and sufficiant condition for /i -I- 73. to be a Lie 
bialgebra structure on (g,g*) is {/^, {{/x, tr}, cr}} = 0, the generalized classical 
Yang-Baxter equation, which states tht [cr, cr]^ is ad^-invariant. 

In the same way, a Lie-quasi bialgebroid can be twisted by a bivector, and 
a Lie bialgebroid is twisted into a Lie bialgebroid if and only if the bivector 
satisfies the Maurer-Cartan equation ([S]) (see [37] [47] [28]). 
(ii) Twisted Poisson structures. If 5* is a structure on a vector bundle V 
such that 7 = and = 0, then {^, /^} = 0, i.e., F is a Lie algebroid, and 1/; 
is a c?^-closed section of f\^V* . In this case, one twists S = -\- Q -\- ^ -\- i) into 

e-"S = Q{{/., a}, a} - i{{{^, a}, a}, a} 

+ (-{a^, <y} + \{{i^. f^}, ^} j + (a^ - {'/', ^}) + '/' 
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Thus, (7 is a Poisson function if and only if 

{{/i, a}, a} - -^{{{i^, cr}, cr}, cr} = , 

which is the condition 

iKa]^ = (AV)V, (6) 

i.e., {(T^ip) is a twisted Poisson structure on the Lie algebroid V. When a 
satisfies the twisted Poisson condition ([6]), the resuhing object is a quasi-Lie 
bialgebroid. In particular, — {/x, cr} + ^{{ip,(j},a} is a Lie algebroid bracket 
onV*. 

If, in addition, ijj = 0, then cr is a Poisson function if and only if 

{{^l,a},a}^0, 

which is the condition 

[<J,cr]f, = , 

i.e., a is a Poisson structure in the usual sense, a section of A^V with 
Schouten-Nijenhuis square zero. The Poisson case is also called the triangular 
case by extension of the terminology used in the theory of Lie bialgebras. 

The twisted difFerentiaL In the Poisson case (7 = and -0 = 0), the an- 
chor of V* is a* o cr'*, and the bracket on r(A*y*) is 70- = {a, /i}, the Koszul 
bracketij. The corresponding differential on r(A*y) is the Lichnerowicz- 
Poisson differential [35], d„ — {{a,^i},.} — [c, .];i, while the differential on 
r(A*y*) is the Lie algebroid cohomology operator d^ — {/i, .}. The pair 
(y, y*) is a Lie algebroid. 

In the twisted Poisson case, 7^ = — {/i, cr} + ^{{'0, cr}, cr} restricts to the Lie 
algebroid bracket on sections of V* defined by Severa and Weinstein "50] , and 
the corresponding differential on T(A'V) is the twisted Poisson differential, 
da + «^(2), where t/i^^^ = ^{{tp,a},a} = {A'^a^)^p, while the derivation {^o-, •} 
is the derivation di_, + i^(i), where ip'^^'> = {4>,a} = a'^ijj (see [50] [47] [29]). The 
pair (y, V*) is then a quasi-Lie bialgebroid. 

2.3 Twisting by pre-symplectic functions 

It follows from formula ([3]) that a section r of A^V* is a pre-symplectic func- 
tion with respect to a structure S — (jy + ^ + ^ + ip if and only if 



''The Koszul bracket i34i restricts to the bracket of sections oiV{V*) generalizing 
the well-known bracket of 1-forms on a Poisson manifold. The bracket of l-forms on 
symplectic manifolds was introduced in the book of Abraham and Marsden (1967). 
For Poisson manifolds, it was discovered independently in the 1980's by several 
authors - Gelfand and Dorfman, Fuchssteiner, Magri and Morosi, Daletskii -, and 
Weinstein [TD] has shown that it is a Lie algebroid bracket. 
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^ - {m, r} + i{{7, r}, r} - !{{{</., r}, r}, r} = . (7) 

Equation ([7]) is dual to dU and it is also called a generalized twisted Maurer- 
Cartan equation or again simply a Maurer-Cartan equation. Pre-syniplectic 
functions generalize pre-symplectic structures on manifolds as well as their 
twisted versions. 

If 7 = (/i = 0, then {/^,/^} = 0, i.e., T^ is a Lie algebroid, and -0 is a (in- 
closed section of /v'V* . In this case, r is pre-symplectic if and only if the pair 
(r, tp) satisfies the twisted pre-symplectic condition, 

V'- {a^^t} = , 

which is the condition, d^r — ^p, i.e., (T,ip) is a twisted pre-symplectic struc- 
ture on the Lie algebroid V. (See [50] and see [49] for an example of a twisted 
symplectic structure arising in the theory of the lattices of Neumann oscilla- 
tors.) 

If, in particular, 7 = = V = 0, then {/i, fi} ~ and F is a Lie algebroid. 
In this case, r is pre-symplectic if and only if r satisfies the pre-symplectic 
condition, 

{/i,T} = 0, 

which is the condition, d^r ~ 0, i.e., r is a d^-closed section of A^V* , the 
pre-symplectic case. 



3 The graphs of Poisson and of pre-symplectic functions 
3.1 Courant algebroids, the Courant algebroid V ® V* 

A Loday algebra (called Leibniz algebra by Loday [38]) is equipped with a 
bracket (in general non skew-symmetric) satisfying the Jacobi identity in the 
form [u, [t!,M;]] = [[«,?;],«;] -|- [t!,[u,zi;]]. We give the definition of Courant 
algebroids in [25] which is equivalent to the original definition of Courant and 
Weinstein [H] [H]. 

A Courant algebroid is a vector bundle E —f M, equipped with a vec- 
tor bundle morphism, oe '. E ^ TM, called the anchor, a fiber-wise non- 
degenerate symmetric bilinear form ( , ), and a bracket, [ , ] : r(£') x r{E) -^ 
T(E), called the Dorf man- Courant bracket, such that 

• T[E) is a Loday algebra, 

• for all X, u, V e T{E), 

asix) ■ [u, v) = [x , [u, v] -I- [v, u]) = {[x, u] , v) + {u , [x, v\) . 

A sub-bundle, F d E, is called a Dirac sub-bundle if 

• i^ is maximally isotropic, 

• T{F) is closed under the bracket. 
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When S* is a structure on V, the vector bundle E — V (B V* with the 
canonical scalar product, 

{u,v) = {u,v} , 

and bracket 

[u,v]s^{{u,S},v}, (8) 

for u, V e T{V © V*), is a Courant algebroid [17] [57] [H], called the (ioM^Ze 
oiV. 

Lemma 3.1. Let S be a structure on V . 

(i) The function a G T{a'^V) is a Poisson function with respect to S if and 

only if V* is a Dirac sub-bundle of {V © V*, [ , ]e-''s)- 

(ii) The function r G T{/\'^V*) is a pre-symplectic function with respect to S 

if and only if V is a Dirac sub-bundle of {V © V*, [ , ]e-^s)- 

Proof. Part (i) (resp., (ii)) follows from the computation of the bidegrees of 
the homogeneous terms in [u,v]f.-<7g (resp., [u,v]^-Tg) for u,v ^ r(F) (resp., 
u,v&T{V*)). D 

3.2 Graphs as Dirac structures 



Theorem 13.21 below generalizes the characterization of the graphs of Pois- 
son, quasi-Poisson and pre-symplectic structures in [37] and [50], and that of 
twisted pre-symplectic structures in [3] and [7] . The statement of this theorem 
can be found in Remark 4.2 in [17] (cf. also Prop. 5 in [5]), and the proof given 
here is also due to Roytenberg [48]. Both theorems in this section have been 
proved by Terashima [5S] . 

Theorem 3.2. Let S be a structure on V . 

(i) A section a of h^V is a Poisson function with respect to S if and only if 
its graph in the Courant algebroid {V © V* , [ , ]s) is a Dirac sub-bundle, 
(ii) A section r of A^V* is a pre-symplectic function with respect to S if and 
only if its graph in the Courant algebroid {V(BV*, [ , ]s) is a Dirac sub-bundle. 

Proof. We need only prove (ii), since the proof of (i) is entirely similar. We 
shall denote by r the vector bundle morphism from V to V* induced by 
T G r(A^F*), such that t^X = —ixT, for X & V, as well as the associated 
map on sections of V. By the graph of t, we mean the graph of t^ . Since 
T^{X) — {X,t}, for all X G r(V"). and since, for reasons of bidegree, e'^X — 
X + {X, t}, it follows that 

Graph(T) = e'^V . (9) 

Since e^ is an automorphism of {J-,{ , }), it is an isomorphism from 
(F © F*, [ , ]e— s) to {V ®V*,[ , ]s). Thus e^V is a Dirac sub-bundle of 
(V © V"*, [ , ]s) if and only if V^ is a Dirac sub-bundle of {V © V"*, [ , ]e—s)- 
Thus (ii) follows from and Lemma 13.11 (ii) . D 
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Theorem 3.3. Let S — (t) + ^ + ii + if) he a structure on V. 

(i) Let a be a Poisson function with respect to S . The projection Graph(cr) —> 

T(V*) is a morphism of Lie algebroids when Graph(cr) is equipped with the 

Lie bracket induced from the Dorfman-Courant bracket [ , ]s and T(V*) is 

equipped with the Lie bracket 7cr = 7 — {M; o"} + ^{{V': o'Ij "■}• 

(a) Let T be a pre- symplectic function with respect to S. The projection 

Graph(r) -^ ^(V) is a morphism of Lie algebroids when Graph(T) is equipped 

with the Lie bracket induced from the Dorfman-Courant bracket [ , ]s and 

r(V) is equipped with the Lie bracket fir — ii — {7,t} + ^{{(/', t},t}. 

Proof. We need only prove (ii), since the proof of (i) is entirely similar. For 
any t e V{^^V*), X and F £ T{V), [e^X,e^r]s = e^[X,y]e-^s. If r is a 
pre-symplectic function with respect to S*, then [e'^X,e'^Y]s = e'^[X^Y]^^ = 
[X, y ] ^^ + { [X, y] ^^ , r } , whose ^-component is [X, F ] ^^ . ^ D 



4 Symplectic functions 

Let us now assume that a e r(A^y) is non-degenerate, i.e., the map a^ : 
V* ^ V defined by a^a = i^a, for a € T{V*), is invertible. Set r^ = {cr^)~'^, 
and let r e T{a'^V*) be such that t^X = -ixT, for X e T{V). We say that 
T £ r(A^F*) and a G T{a'^V) are inverses of one another. A non-degenerate 
pre-symplectic function is called symplectic. 

4.1 "Non-degenerate Poisson" is equivalent to "symplectic" 

Many classical results are corollaries of the general theorem which we state 
and prove in this section. RccaU that ^''9b = -fi^bC", {^'',Sb} = S^ = {Ob,C} 
and, for u,v,w € T , 

{u,vu]\ = {u,w}w+ (-l)l"ll"lu{u, w} , 

{uw, w} = u{v,w\ + (-1)I"'II"'I{m, w}w , 
where |m| is the degree of w, and 

{M,{«,w}}-{{u,w},u;} + (-l)ll"llll''ll{w,{u,zi;}} , 

{K«},u;}-{u,{«,u;}} + (-l)ll''llll-ll{Kz«},t;}, 

where ||m|| is the shifted degree of u. The proof of the theorem depends on the 
following lemma. 

Lemma 4.1. Assume that a G r(A^T^) is non- degenerate and that its inverse 

is T. Then 

(i) {ct,t} = -{r, cr} = Idy. 

(ii) Lf S is of shifted bidegree {p,q), then 

{{a,T},S} = iq-p)S . (10) 
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Proof. This lemma is proved by straightforward computations, using the 
equality Idy = C'^a- □ 

Theorem 4.2. Let S be a structure on V. Let a G r(A^V^) be a non- 
degenerate bivector with inverse t G T^A^V*). Then a is a Poisson function 
with respect to S if and only if — r is a symplectic function with respect to S . 

Proof. Lemma [4.1f ii') applied in the cases {p,q) = (2,-1), (1,0), (0,1) and 
(—1,2), and repeated applications of the Jacobi identity yield the following 
computations. Let fi be of shifted bidegree (0, 1). From 

{{m, t}, ct} = {m, {r, cr}} + {{m, <j}, t}^ fi + {{/x, a}, t} , 
we obtain 

{{{M,T},cr},cr} = {^,cr} + {{{Ai,cr},T},cr} 
= {m, cr} + {{fi, a}, {r, cr}} + {{{^, ct}, a}, r} = {{{^, cr}, ct}, t} . 
Whence 

{{{{M,T},cr},(7},cr} = {{{{Ai,cr},cr},T},(T} = {{{y^, ct}, ct}, {r, cr}} 

= -3{{Ai,cr},cr} . 
Similarly, if 7 is of shifted bidegree (1,0), 

{{{{{7,T},T},a},a},a} = 12{7,a}. 

If (j) is of shifted bidegree (2,-1), 

{{{{{{(t>,r},T},T},a},a},a} = ~36^. 

Let S' = + 7 + /i + '0. The term of shifted bidegree (—1, 2) in e^'^S is 

■0r = V' - {m, t} + 2 {{7, t}, t} ~ g {{{'?^' "^i' "^i' '^} ' 
and the term of shifted bidegree (2, —1) in e^'^S is 

0<T = 0- {7,cr} + ■^{{t^,cr},cr} - -{{{^, cr}, cr}, cr} . 

The preceding equalities and analogous results for other iterated brackets, 
reversing the roles of a and t, yield the equalities: 

{{{ipr,cr},cr},cr} = 6(j>^a 
and 

Therefore V'r = implies 0_(j = 0, and conversely. D 
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The method of proof used above in the general case can be apphed to give 
one-hne proofs of some weh-known resuhs. 

• For the case of non-degenerate Poisson structures, the proof reduces to 
{/x, r} = impUes that {{{{/i, r}, cr}, tr}, cr} — 0, which impUes that 
{{/x, tT},cr} = 0, and a similar argument applies to the converse. This sim- 
ple argument proves the classical result: non-degenerate closed 2-forms are in 
one-to-one correspondence with non-degenerate Poisson bivectors. 

• For the case of non-degenerate twisted Poisson structures (see Section 12.21 
(ii)), the proof reduces to {/x,r} = —i^} implies that {{{{/z,T},cr}, a},cr} = 
— {{{^,ct}, ajjCr}, which implies that {{/i, cr},tT} — i{{{-0,<7}, (T},cr}, and a 
similar argument for the converse. Thus d^r — ~ ip imphes ^[a, cr]^ — (A'^ct')V' 
and conversely. This constitutes a direct proof of the following corollary of 
Theorem 1121 (see [50] [32]). 

Corollary 4.3. (i) A non-degenerate bivector on a Lie algebroid defines a 
twisted Poisson structure if and only if its inverse is a twisted symplectic 
2- form, 
(ii) The leaves of a twisted Poisson manifold are twisted symplectic manifolds. 

It follows from this corollary that, in the case of Lie algebras, considered 
to be Lie algebroids over a point, a non-degenerate r G A^g is a solution of the 
twisted classical Yang-Baxter equation, generalizing the classical Yang-Baxter 
equation (see Section [2?2|) . 

i[r,r]g = (AV)V', 

where ■0 is a dg-closed 3-form on the Lie algebra q, if and only if its inverse is 
a non-degenerate 2-form r satisfying the twisted closure condition, dgT = —ip- 
Here dg is the Chevalley-Eilenberg cohomology operator of g and the bracket, 
[ , ]g, is the algebraic Schouten bracket on A'g. 

Recall that a Lie algebra is called quasi- Frobenius if it possesses a non- 
degenerate 2-cocycle. Thus, we recover in particular the well-known corre- 
spondence [51] [IH] [in] between non-degenerate triangular r-matrices, i.e., 
skew-symmetric solutions of the classical Yang-Baxter equation, and quasi- 
Frobenius structures. 

Corollary 4.4. A non-degenerate bivector in A^g is a solution of the classi- 
cal Yang-Baxter equation if and only if its inverse defines a quasi- Frobenius 
structure on q. 



4.2 Regular twisted Poisson structures 

We summarize a result from |32j which can now be considered to be a corollary 
of Theorem 14.21 Let A be a vector bundle with a bivector tt G T{/\^A) such 
that tt" is of constant rank. Let B be the image of nK Then _B is a Lie sub- 
algebroid of A and, because tt is skew-symmetric, tt'^ defines an isomorphism, 
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7r|j : B* ^ B, where B* = A*/ kerTr' is the dual of B. Then the inverse of tt^ 
defines a non-degenerate 2-form on B, lub G r(A^i?*), by (7r^)^^X = —ix^b-, 
for X G r(B). 

Assume that the vector bundle, A, is in fact a Lie algebroid. Let -0 be 
a dA-closed 3-forni on A, and let f/^B denote the pull-back of '0 under the 
canonical injection i,b '■ B ^^ A. Then 

Proposition 4.5. Under the preceding assumptions, {A,Tr,ip) is a Lie al- 
gebroid with a regular twisted Poisson structure if and only if {B,U!b,iJ-^b) 
is a Lie algebroid with a twisted symplectic structure, i.e., if and only if 
dBUJ = --05 • 

This proposition constitutes a linearization of the twisted Poisson condi- 
tion, and can be applied in particular to the case of Lie algebras |32j . 



5 Another type of Poisson function: Lie algebra actions 
on manifolds 

In this section, we consider the twisting of various structures involving the 
action of a Lie algebra on a manifold. 

5.1 Structures on TM X g* 

Let g be a Lie algebra, and let M be a manifold. We consider the vector 
bundle V = TM x g* over M which is, by definition, TM®{M x g*) -^ M. 

M 

We introduce local coordinates on T*YiV , (x*, ^*, ca, Pi, di, e"^), where 
1 = 1,..., dim M, and A = 1,. . . , dimg, with the following bidegrees, 

x^ C eA Pi dt e-^ 

(0,0) (0,1) (0,1) (1,1) (1,0) (1,0) bidegree 

(-1,-1) (-1,0) (-1,0) (0,0) (0,-1) (0,-1) shifted bidegree 

satisfying 

{x^,p,}^S], {e,0,}^6], {eA,e^}^S^. 

Let 

be the function on T*IW of shifted bidegree (1,0) defining the Lie bracket of 
Q, and let 

Sm = PiC 

be the function on T*IIV of shifted bidegree (0, 1) which defines the Schouten- 
Nijenhuis bracket of multivectors on M . Then 



^,v]s^ {{u,Sg},v} , (11) 
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for all u, w e g, and 

[X,Y]m = {{X,Sm},Y} , (12) 

for all X, F £ r(TM). It is easy to show that S^ + Sm is a structure on V. 
More generally, consider the following functions on T*I1V of shifted bide- 
gree (—1,2), a 3-form 'I'm on M, 



^M = l^rjkCi'i'' 



Q-"r]ki- 



and a 3-forni If^n on g* 



Then S^ + Sm + {^^ + ^m) is a structure on V if and only if 
•{Sm^^m} — 0, i.e., iJ'm is a closed 3-forni on M, and 
•{Sg, tf'g} = 0, i.e., tf'g Is 'A O-Cocyclc on g with values in A'^g. 

More generally still, we can, in addition, introduce a function on T*I[V of 
shifted bidegree (0, 1) which defines a bracket on g*, 

^s' ^ Y^ (^AeB£ ■ 

Then 5 = 5g + (S'g* + Sm) + ('f'g + 'I'm), a sum of terms of shifted bidegrees 
(1, 0), (0, 1) and (—1, 2), respectively, is a structure on V if and only if 

• {5a/, S'm} = 0, i.e., ^M is a closed 3-form on M, and 

• {'S'b + 'S'g* + '^B! 'S'ei + Sg' + tf/g} = 0, the condition that (g, g*) be a Lie-quasi 
bialgebra. 

Let us assume that these conditions are satisfied. By what function can 
we twist the structure S^ + (^g. + Sm) + {'P^ + '^A/)? We can twist it by any 
function of shifted bidegree (1,-1). Therefore we can choose 

and twist S by p, and/or we can twist S by the bivector 

2 ^ 

We shall now prove, following Terashima [55 , that twisting by p+tt provides a 
natural and unified way of determining the Lie algebroid structures discovered 
by Lu [39] and by Bursztyn, Crainic and Severa [7] [9] . This method yields an 
immediate proof of the fact that these are indeed Lie algebroid structures. 

5.2 Twisting by a Lie algebra action 

Let us first determine the meaning of the condition that p be a Poisson func- 
tion with respect to S* = 5g + S]\f. We remark that p, considered either as a 
function on T*IIV or as a map from g to T{TM), satisfies, for all u G g. 
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{p,u}^ p{u) . 

Computing the terms of shifted bidegrees (2,-1), (1,0) and (0,1) of the 
twisted structure, e~PS, we obtain 

e'^iSg + Sm) = ( -{Sg, p} + -^{{Saup}, p} j + (5*5 - {Sm, p}) + Sm ■ 

Therefore p is a Poisson function with respect to S = S^ + Sm if and only if 

-{S„p} + ^{{Sm,p},p}^0. (13) 



Lemma 5.1. The function p is a Poisson function with respect to Sg + Sm if 
and only if it is a Lie algebra action of Q on M. 

Proof. The proof of the fact that relation p^ is equivalent to 

Pi[u,v]g) = [p{u),p{v)]m 

for all u, u G 0, depends on formulas (fTT|) and (fT2|) . the Jacobi identity and 
the vanishing of all brackets of the form {ca, di} and {e'^, 6i}, whence 

P(.{u,v]g) = {{{Sg,p},u},v} 

and 

[p{u),p{v)]m = ■^{{{{Sm,p},p},u},v} . a 

5.3 Introducing additional twisting by a bivector 

Let us now twist S = Sg + (S'g. + Sm) + {% + ^m) by 

cr = TT + jO . 

We first observe that the brackets {i:,p}, {S'g,7r}, {S'g*,7r}, {{<S'g*, p}, tt} and 
{!?'g,7r} vanish. Computing the term of shifted bidegree (2,-1) in e~'^^^P''S, 
we see that tt + p is a Poisson function with respect to 5' if and only if 

-{Sb,p} + \{{Ss*,p},p} + i{{5'M,7r + p},7r + p} 

- l{{{^g + '^M,^ + p},^ + p}.^ + p} = Q ■ 

The computation of the several terms in this generalized twisted Maurer- 
Cartan equation yields 
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Proposition 5.2. The function n + p is a Poisson function with respect to 
S ^ Sg + {Sg* + Sm) + i^g + ^m) if o,nd only if the following four conditions 
are satisfied: 

{A) {{{^M,p},p},p} = 0, 

{B) -{Sg,p} + \{{SM,p},p]-\{{{^M.p}.p}.^] = Q, 

(C) {{Sm, tt}, p} + \{{Sg,, p}, p} - \{{{^Ku P}, ^}, tt} = , 

{D) {{Sm, ^}, tt} - \{{{^g, p}, p}, p} - \{{{^M, ^}, tt}, ^} = . 

Condition {A) is the relation ip(u)r\p{v)f\p(w)^M — 0, for all u,v,w £ g, 
which means that 'J^m is in the kernel of /\^p*, where p* is the dual of p. 
Condition (B) is the relation 

P([W; v]s) -- [P(w). P(«)]Af = ■^Hip{u)Ap{v)1'M) , (14) 



for all ii,w G 0. This is proved by the same computations as in Lemma 15.11 
Thus (B) expresses the fact that p is a twisted action of q on M . 
Condition (C) is the relation 

^P(«)^ = -(aV)(7H) + {A^7r^){tpiu)^M) , (15) 

for all u G g, where 7:g^A^0is5g, viewed as a cobracket on g. In fact, 

{{{Sm, tt}, p}, u} ^ {{{p, u}, Sm}, tt} = [{p, u}, ttJji/ = >Cp(„)7r , 

while 

^{{{V,p},p},^i}=(A'p)(7(")), 

and 

2{{{{'^A/,p},7r},^},u} = (A2^«)(zp(„)ifM) . 

Condition (Z?) is the relation 

i[^,7r]M = (A^pm,) + (a3^«)(iZ'm) . (16) 

5.4 Particular cases 

In the light of Proposition 15.21 and formulas (fT4|) , (fT5|) and (|16p , we can in- 
terpret several important particular cases of Poisson functions of the type 
TT + p. 

• Case p = 0, already studied in section [2?2l Conditions (A), (B) and (C) 
are identically satisfied and {D) is the condition that M be a twisted Poisson 
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manifold, li p — and ^m = 0, then (D) is the condition that M be a Poisson 
manifold. 

• Case tf'j\/ = 0. While condition {A) is identicaUy satisfied, conditions (B), 
(C) and (D) express the fact that M is a quasi-Poisson Q-space, the version 
of the quasi-Poisson G-spaces in the sense of [1, in which only an infinitesimal 
Lie algebra action is assumed. When the Lie group G is connected and simply 
connected, conditions (B), (C) and (D) imply that M is a quasi-Poisson 
G-space, and conversely. 

• Case •J'a/ = and 5g, = 0. Conditions (B), (C) and (D) are 
{B) M is a g-manifold, 

(C) TT is a g-invariant bivector, 

p)i[^,7r]M = (AV)(tf'B)- 

If i^/g is the Cartan 3- vector of the Lie algebra g of a connected and simply 
connected Lie group with a bi-invariant scalar product, conditions (_B), (C) 
and (D) express the fact that M is a quasi-Poisson Q-manifold, the version of 
the quasi-Poisson G-manifolds in the sense of |2j in which only an infinitesimal 
Lie algebra action is assumed. When the Lie group G is connected and simply 
connected, conditions (S), (G) and {D) imply that M is a quasi-Poisson 
G -manifold, and conversely. 

• Case •J'm = and W^ = 0. In this case, (g, g*) is a Lie bialgebra. Condition 

(D) expresses the fact that tt is a Poisson bivector, and equations (fT4|) and 
(fT5|) show that conditions {B) and (G) express the fact that p is an infinites- 
imal Poisson action of the Lie bialgebra {fl,g*) on the Poisson manifold M 
in the sense of Lu and Weinstein [1^ [3S] (which can also be called a Lie 
bialgebra action), corresponding to a Poisson action of the connected and 
simply connected Poisson-Lie group with Lie algebra q. 

Remark The method described here for the characterization of Poisson and 
quasi-Poisson stuctures can be used to recover conditions defining Poisson- 
Nijenhuis [31] and Poisson-quasi-Nijenhuis [53] structures. 

5.5 The Lie algebroid structure of V* = T*M X Q 

Whenever ct is a Poisson function with respect to a structure S on V, with 
e~°'S, {V, V*) becomes a quasi-Lie bialgebroid. Therefore when cr = 7r-f p is a 
Poisson function with respect to the structure S — 5g + (S'g. +S]\f) + {'FQ+'FM) 
onV = TM X 0*, there is a Lie algebroid structure on V* = T*M x g, with 
anchor tt* -\- p and Lie bracket 

7^ = "^B - {Ss* + Sm, n + p} + -{{if-g + if-M, TT + p},7: + p} , (17) 

and {7cr, ■} is a differential on r(A*(rAf x g*)). Dually, there is a bracket 
/Xct on TAI X 0*, but the Jacobi identity is not satisfied in general and the 
derivation {pa, ■} on r(A*(r*Af x g)) does not square to zero in general, since 
{V,V*) is only a quasi-Lie bialgebroid. From formula p?|) and Proposition 
15.21 we obtain: 



Poisson and symplectic functions 



21 



Theorem 5.3. When conditions (A)-(D) are satisfied, T*M x q is a Lie 
algebroid with anchor vr' + /? and Lie bracket 



^a = Sg- {5g. , p} - {Sm, tt} - {Sm, p} 

+ Hi'^fl' P}' P} + Hi^M, n}, n} + {{^m,tt}, p} + ^{{^M, p}, p} ■ 



(18) 



We shall now show that the preceding general formula yields the brackets 
of [39], [7] and P as particular cases. 

Case p = 0. Formula P^ reduces to j^r = Sg — {Sm, ti"} + ^{{^m, ti"}, tt}. The 
Lie algebroid structure of y* = T*M x g is the direct sum of the point- wise 
Lie bracket of sections of A/ x g -^ A/ and the Lie algebroid bracket of Severa 
and Weinstein [50] on r(r*A/) for the twisted Poisson manifold {M,Tr,^M)- 
Case tf'j\/ = 0. Formula (flSl) reduces to 



la ^ Sg -{Sg^,p}-{SM,TT}- {Sm,P} + -^{{1's,P},P} ■ 

For u, V ^ r(Af X g) and a, /? e r(T*A/), we obtain the following expressions 
entering in the brackets of sections of T*Af x g. 



p{v)U 
u , 



' {{u, Sg - {Sm, p}}, v) = [u, v\g + Cp{u)v - C 
{{a,{Sg^,p}},u} = -ip*(a){Sg',u} = adp.(„) 
{{a, {5M,7r}},u} = -C^^a^u , 
{{a, {5a/, p}}, u} = Cp(u)a , 
{{a, {5M,7r}},/3} = -[a,/3]^ , 

where £ denotes the Lie derivation of vector- valued functions and of forms by 
vectors, and ad* is defined by means of the bracket of g*. The bracket defined 
by "fa- is therefore 



[U, V\ = [U, V\g + Lp(u)V - jLp(^y)U , 

[a,u] =£^j(„)'u-/:p(„)a-ad*.(„-|U , 
[a,/3] = [a,/3]^ + «(AV)(aA/3)'^B ■ 



The bracket [u, v] is the transformation Lie algebroid bracket [41] [43| on 
Af x g — > M. Summarizing this discussion, we obtain 

Proposition 5.4. If^M = 0, then M is a quasi-Poisson Q-space in the sense 
of [T] and the Lie algebroid bracket of T*M x g is the bracket of Bursztyn, 
Crainic and Severa [S]. In particular, if ^m — and Sg* — 0, then M is a 
quasi-Poisson g-manifold in the sense of [2\, and the Lie algebroid bracket of 
T* M X g is the bracket of Bursztyn and Crainic |7j. 
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Case ^M — ^s — ^- Formula P^ reduces to 

7<T = S'b - {<5'b-,p} " {Sm.tt} - {Sm,p} ■ 

Introducing the notations of Lu '39j, the bracket of Bursztyn, Crainic and 
Severa reduces to the foUowing expressions, for a, /3 S T{T*M), and constant 
sections u, u of A/ x g, 

[a, u] = I?aU — D^a 

[a, (3] = [a,/?]^ 



Proposition 5.5. // Wm — and tf'g = 0, then M is a manifold with a Lie 
bialgebra action and the Lie algebroid bracket ofT*M x g is the bracket of Lu 
|39j , defining a matched pair of Lie algebroids. 

5.6 The twisted differential 

Let us determine the differential d^^ = {70-, •} on T{/\'{TM x g*)), where 
7cr is defined by (flS)) . The particular case of the quasi-Poisson g-spaces was 
recently treated in 8 . 

We first prove that the image of a section X®ri of A'^TM0A^g* is a section 
of E-i<j<2 f^^'^^TM ® A^-J+ig*. We shaU write r(g*) for r(Af x g* -> M). 
In fact, for X e V{A^TM), 

( {{Sm, tt}, X} and {{{^m, tt}, tt}, X} e r{A'^+^TM) , 

{{Sm, p}, X} and {{{Itm, tt}, p}, X} e TCa'^TA/ ® g*) , 
^ {{{<Z'M, p}, p}, ^} e r(A^-iTA/ ® A2g*) , 

and for rj e r(A'^g*), 

{5s,77}and{{5M,p},r/}er(A^+ig*), 

{{Ss',p},v}^ and{{5M,7r},77}er(TM®AV) , 
{{{%,P}, P}, V} e T{A^TM A^-ig*) , 

while all other brackets vanish. 

Each derivation is determined by its values on the elements of degree 
and 1. If /e C^iM), 

{d^J){a + u) = {n\a)+p{u))-f , (19) 

for a e r{T*M) and u £ r(g). If X e T{TM), d^^{X) is the sum of the 
following terms. 
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f -{{Sm, tt}, X} + ^{{{^M, tt}, tt}, X} - [t:, X]m + (A27r«)(^x<^'Af ) 

-{{Sm, p}, X} + {{{^M, ^}, p}, X} =. [p(.), X]m + (7r« A p){ix^m) 

er(TM®0*) , 
^ ^{mM,p},p},x} = (AV)(*x'^Af) e r(AV) , 

where [p(.),^]m : w S ^ [p(w),^]m G r(rM). For 77 G r(0*), d^^{r]) is the 
sum of the foUowing terms, 

{Ss,v} - {{Sm, p}, 77} = dgV+ < 'Cp(.)77, . » e r(A20*) , 

(20) 
where < J^p{.)Vi- >: (w, «) £ A^g 1-^ {Cpi^u)'n,v) - {Cpi^^)r],u) G C^iM), 
p(ad;(.)) : u G ^ P(ad,*(w)) G T{TM), and /:^«(.)?7 : a G V{T*M) ^ 
^T!-t{a)V G r(0*). The derivation d^^ is then extended to all sections of 
A*{TM X 2*) by the graded Leibniz rule. We have thus obtained the following 

Theorem 5.6. Let a = tt + p be a Poisson function with respect to the struc- 
ture S ^Ss + (5g. + 5a./) + i^s + I'm). 

(i) For 7ct defined by U8\) . d^^ — {70-, .} is a differential on T{/\'{TM x Q*)). 
(a) d^^ = J2-i<j<2d{j,i~j), where 



d(j,i_j) : r(A'=TM A^g*) ^ T{a''+^TM (g> a'^+^-^q*) 



and 



d^-1^2)^U{{^M,p},p},-}: 

c^(o,i) ^ {-{'5'A/,p} + {{*'Af,7r},p} + S'g,.}, 

'^(1.0) = {-{Sm, tt} + ^{{^M, tt}, tt} - {S^* , p}, .} , 

(ill) For f G C°°(Af) and rj G V{M x g* -> M), d^Jf) and dy^{ri) are 
determined by Equations il9\} and \20\) while, for X G T{TM), 

d-,^{X) = [tt,X]m + [p{-),X]m + (A^TT* + 7r« Ap+ A2p)(ix%/) ■ 

These formulas simplify in each of the particular cases listed in Section 
15.41 In the case of the quasi-Poisson g-spaces, d^^{X) = [7r,X]Af + Cp(,)X. 
From this formula and from p9)l . it follows that the restriction of d^^ to the 
space of g-invariant niultivectors on M is the differential of the quasi-Poisson 
cohomology introduced in [51 . This fact was observed in [55] . 

Remark Thoughout this Section, the tangent bundle TM can be replaced by 
an arbitrary Lie algebroid over M, provided that the de Rham differential is 
replaced by the differential associated with the Lie algebroid in order to yield 
more general results. 
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